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Abstract 
In this paper, we characterize the n-point e-edge graphs G that minimize the absolute values 
ai(G) of the coefficients of the chromatic polynomial P(G; 2) = ~-'~=t(-1 )n-iai(G)2i. Let f2(n, e) 
be the collection of all connected n-point, e-edge graphs. For a given i, we say that a graph 
G E f2(n,e) is ai-minimum if ai(G)<~ai(G') for all G' E O(n,e). We show that a graph is 
ai-minimum iff it is ai-l-minimum for all 2<~i<<.n -2 .  
I. Introduction 
It is well-known that the number of  ways of  properly coloring an n-point, e-edge 
graph G using 2 or fewer colors is given by the chromatic polynomial P(G; 2) = 
~-'~n=l(-1)n-iai(G)).i. Let t2(n,e) be the collection of  all connected n-point, e-edge 
graphs. For a given i, we say that a graph GEf2(n,e) is ai-minimum if ai(G)<~ai(G ~) 
for all G ~ E t2(n,e). Since an(G) = 1 and an-l(G) = e for every G E f2(n,e), 
all graphs in I2(n,e) are both an-minimum and an_l-minimum. A natural question 
that arises in this context is that given integers i and j, 1 <<.i, j<~n-  2, are there 
graphs G1, G2 in f2(n,e) such that G1 is a/-minimum but not a j-minimum while 
G2 is a j-minimum but not ai-minimum? In this paper we show that such graphs do 
not exist. Indeed, we show that a graph is ai-minimum iff it is ai_l-minimum for 
all i, 2<~i<~n- 2. Furthermore, we show that a graph G E I2(n,e) is ai-minimum 
for every 1 ~< i ~< n - 2 iff one of the blocks, say H, of  G contains a clique with 
I V(H)I- 1 points and the other blocks are bridges of  G or two blocks of  G 
are cliques, one of which being K3, while the other blocks are bridges 
of  G. 
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2. Preliminaries 
Unless defined otherwise, graph-theoretic erminology used here follows Harary [2]. 
The following propositions are well-known. 
Proposition 2.1. I fuE  V(G) such that G = G1UG2 and Gl AG2 : {u} then ai(G) = 
~j+k=i+l aj(G1 )ak(G2). 
A point u of a graph G is a simplicial point of G if the neighbourhood f u induces 
a clique in G. 
Proposition 2.2. Suppose that G is a connected graph and G-u  is the graph obtained 
by the deletion of a point u from G. 
(a) I f  u is simplicial in G then ai(G) : deg(u)ai(G - u) + a i - l (G  - u) for all 
l <~i<.n. 
(b) I f  u is not simplicial and G - u is connected then ai(G) > deg(u)ai(G - u) + 
ai-l(G - u) for all 1 <<.i<~n - 2. 
Two graphs G and H are B-isomorphic graphs if (i) both G and H are con- 
nected, and (ii) there exists a 1-1 correspondence b tween the blocks of G and 
those of H, say Gi ~Hi ,  such that each block Gi of G is isomorphic to 
block Hi of H. Note that if G and H are B-isomorphic graphs then G E 12(n,e) 
iff H Ef2(n,e). 
Proposition 2.3. I f  G and H are connected and B-isomorphic graphs then ai(G) = 
ai(H) for all i. 
2.1. Graphs L(n,e) and J(n,e) 
Let P be a connected graph containing a clique of size I V(P)I - 1. A connected 
graph with n points and e edges will be denoted by L(n, e) if P is one of the blocks of 
L(n,e) while its other blocks are K2's. A connected graph with n points and e edges 
will be denoted by J(n, e) if one of the blocks of J(n, e) is a clique, and another block 
is a K3 while all other blocks are K2's. 
In [1] it is shown that a graph G E f2(n,e) is al-minimum iff G E {L(n,e), 
J(n,e)}. In [3] it is shown that L(n,e) and J(n,e) have the least number of 
2-colorings among all graphs in f2(n,e). The following proposition can be easily 
verified. 
Proposition 2.4. (a) I f  graphs Gl and G 2 are both of type L(n, e) or both of type 
J(n,e) then they are B-isomorphic. 
(b) There exists an L(n,e)Ef2(n,e) for all n and e>_.n- 1. 
(c) I f  J(n,e)Et2(n,e) then e = m(m - 1)/2 + n - m + 1 for some integer m. 
(d) P(L(n, e), 2) = P(J(n, e), 2). 
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3. Characterization of ai-minimum graphs 
In this section, we show that a graph is ai-minimum iff it is a i_ l-minimum for all 
2<~i<~n - 2 by proving that G E I2(n,e) is ai-minimum, for every l<<.i<<,n - 2, iff 
GE {L(n,e), J (n,e)},  
Let H -- (/Z,E) be a graph and U be any nonempty subset of Is such that the graph 
induced by U is a clique. Let G be the graph obtained from H by adding a new point 
u and edges connecting u to every point of U. This process of obtaining G from H 
will be referred to as coning a point u to H. On occasion, we use the terminology of 
deleting a point u from a graph P and coning it to graph H. In this case, the subset 
U c//" is selected so that IUI -- deg(u) in P and as a consequence deg(u) in G equals 
deg(u) in P. 
Theorem 3.1. A graph GEt2(n,e) is ai-minimum iff it is either L(n,e) or J (n ,e) , for  
all l <~i<~n- 2. 
Proof. This is by induction on n. If  n ~<3 then every G E fJ(n,e) is L(n, e). Also 
if n = 4 and e ¢ 4 then every G E fJ(n,e) is L(n,e). There are exactly two graphs 
Gl and G2 in f2(4,4), where G1 is the graph obtained from K4 by deleting two 
edges incident on the same point, and G2 is the cycle C4. Graph G1 is L(n,e) 
but G2 ~/{L(n,e),J(n,e)}. Clearly, P(G1 : 2) = )4 _ 4)`3 + 5)`2 _ 2)` and P(G2 : 2) = 
24-  4)`3+ 622-  32, and the theorem holds for all connected graphs with n~<4 points. 
Assume the theorem for all connected graphs with fewer than n points. 
For the necessity, consider any GEfJ(n,e)  that is ai-minimum for some 1 <<,i<~n-2. 
We show that GE {L(n,e), J (n,e)}.  
Case 1: Suppose that G has a bridge. Then it follows that there exists a 
G' E 12(n,e) such that G' is B-isomorphic to G and the minimum degree 6(G ~) -- 
1. By Proposition 2.3, ai(G) = ai(G I) for all i. Let u be a degree one point of 
G'. Clearly, u is simplicial in G' and by Proposition 2.2, ai(G t) = ai(G t -  u)q-  
ai - l (G'  - u). Pick a P E t2(n - I, e - 1) that is al-minimum. Since P has fewer 
points than G, by the induction hypothesis, P E {L(n - t ,e - 1),J(n - 1,e - 1)}. 
Furthermore, P is ai-minimum and ai_l-minimum. Let G H be the graph obtained 
from P by adding a new point, say u p, and joining u p to exactly one point of P. 
Clearly, G I~ E fJ(n, e), and by Proposition 2.2, ai(G 'p) = ai(G pp - u p) + ai_l(G ~1 - uP). 
I f  G p - u is not ai-minimum and ai_l-minimum then ai(G tt) < ai(G p) = ai(G), a 
contradiction. Hence, G p -  u is both ai-minimum and ai_l-minimum, and as G p -  u 
has fewer points than G, it is either L(n - 1 ,e -  1) or J (n - 1, e -  1). Thus, G' 
is either L(n,e) or J (n,e).  As G is B-isomorphic to G t we conclude that 
GE {L(n,e), J (n,e)}.  
Case 2: Suppose that G has no bridges but is separable. Since G is ai-minimum, 
from Proposition 2.1 and the fact that each block has fewer points than G, it follows 
that every block H of G is aj-minimum in O(t V(H)I, IE(H)[) for all j ~< IV(H)I. Thus, 
each block H contains a clique with I r'(H)l - 1 points. 
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Let G1, G2 . . . . .  Gb be the blocks of G. Consider a connected graph P whose blocks 
constitute a proper subset of {G1, G2 . . . . .  Gb}. Since G is ai-minimum and I V(P)I < 
I V(G)I, again by Proposition 2.1 and the induction hypothesis, P is aj-minimum for 
all j~< Iv(e) l .  Thus, e is either Z(IV(e)l, IE(P)I) or J(IV(P)I, IE(P)I). As no block 
of G is a bridge, we conclude that G has at most three blocks, and if it has exactly 
three blocks then at most one of them can contain four or more points. We claim that 
G has exactly two blocks. Suppose otherwise and, with no loss of generality, assume 
I V(al) l  ~>[V(G2)I = IV(G3)[ = 3. Let G~ be the graph obtained by coning a degree-2 
point to G1. Let G I be any connected graph with the blocks G~, /<3 and/<2. Clearly, 
G t E O(n, e). Now by Proposition 2.2, it follows that G I is also ai-minimum. But G t has 
a bridge and therefore by Case 1, G ~ is either L(n, e) or J (n, e) which is impossible. 
Hence, G has exactly two blocks, say P and Q. Suppose that IV(P)] >~ IV(Q)[ 1>3. 
As Q contains Kiv(Q)l_l, we can reduce Q to a single edge by repeatedly deleting 
simplicial points, say Vl, v2 . . . . .  Vl v(o) I-2, so that Qt = Q-  vl - v2 . . . . .  vl v(a) 1-2 = g2.  
Let Pt be the graph obtained from P by repeatedly coning points Vl, v2 . . . . .  /)[V(Q)I-2" 
Consider any connected graph, say G r, whose blocks are P~ and Q'. Clearly, 
G ~ E I2(n,e) and by Proposition 2.2, it follows that ai(G) = ai(GP). Thus G ~ is 
also ai-minimum in 12(n,e). However, Q' is a bridge of G ~, and therefore by 
Case 1, G' is L(n, e) or J(n, e) which is impossible unless P is a clique and Q is/<3. 
If  P is a clique and Q is K3 then G is J(n, e). 
Case 3: Suppose that G is not separable. We show that G is L(n,e). Let u be a 
point of G such that deg(u) = 6(G). Since G is 2-connected, G - u is connected and 
G - u E f~(n - 1, e - 6(G)). Furthermore, we note that ~v~ v(a-u) deg(v) >~ 6(G)(n - 2). 
Pick a graph P E f2 (n -  1 ,e -  6(G)) that is al-minimtma. Since P has fewer points 
than G, we have that P is either L(n - 1,e - 6(G)) or J (n - 1,e - 6(G)) and P is 
aj-minimum for all j ~< [V(P)]. 
Suppose that P has no block having 6(G) or more points. Then Y~vEv(e)deg(v)~< 
(n - 2) + (n - 2)(6(G) - 2) = (n - 2)(6(G) - 1). Since ~v~v(c_u)deg(v)  = ~ev(P)  
deg(v), we have a contradiction. Hence, P has a block having 6(G) or more points, 
and let H be one such block of P. Now, we have two eases depending upon whether 
K6(G) C_ H or not. 
(i) Kr(c) is not a subgraph of H. In this case, [V(H)I = 6(G) and H ¢ Kr(G). 
Then ~v(p)  deg(v)<~(n - 2) + (n - 3)(6(G) - 1) + (6(G) - 2) = (n - 2)6(G) - 1, 
a contradiction. 
(ii) Kr(a) is a subgraph of H. Let G t be the graph obtained from P by coning a point 
v to P such that deg(v) = 6(G), Adj(v) C_ V(H)  and v is a simplicial point of P + v. 
Such a coning is always possible since Kr(G) is a subgraph of H. By Proposition 2.2, 
ai(G t) = 6(G)ai(P) + ai - l (P) .  By the choice of P we have aj(P)<.aj(G - u), j<. i ,  
and by our construction we have G ~ E f2(n,e). Also, by Proposition 2.2, ai(G)>~ 
6(G)ai(G - u) + a i - l (G - u). I f  ai(G - u) > ai(P) then we have a contradiction to 
the hypothesis that G is an ai-minimum graph. Hence, ai_l(G - u) = a i - l (P)  so that 
G - u is both ai-minimum and ai_l-minimum in (2(n - 1,e - 6(G)) and it is either 
L(n -  1 ,e -  6(G)) or J (n -  1 ,e -  6(G)). Also, by Proposition 2.2, we must have that u 
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is simplicial in G, which implies that G-u  has the same number of  blocks as G. Thus, 
G - u is nonseparable and it then follows that G - u is L(n - 1, e - 6(G)) so that 
Kn-2 is a subgraph of  G - u. We claim that G-  u = Kn-I so that G is L(n,e) as 
required. Suppose G - u 5~ Kn_l. Then there is a unique point, say v, in G - u with 
deg(v) = 6(G - u) < n - 2, and v is a simplicial point of  G - u. By Proposition 2.2, 
ai( G ) =deg( u ).deg( v ).ai( G -u -  v )+( deg( u )+deg( v) ).ai_ l ( G -u -v  )+ ai_ 2 ( G -u -  v ) = 
deg(u) -deg(v),  ai(Kn-2) + (deg(u) ÷ deg(v)) • ai- l(Kn-2) + ai-2(Kn-2). Let G' be the 
graph obtained by coning a point w to G - u so that deg(w) = 6(G), w is a simplicial 
point, and w is not adjacent o v in G'. Finally, without loss of generality, assume that 
deg(v)~>deg(w) in G', and let G" be the graph obtained from G ~ by deleting an edge 
x incident with w and adding an edge y so that v is an endpoint of  y. Note that both 
w and v are simplicial points of  G" and G" E f2(n,e). By Proposition 2.2, we have 
ai(G") = (deg(w) - 1)- (deg(v) + 1). ai(G" - w - v) + (deg(w) - 1 + deg(v) + 1).  
ai- I (G tt - w - v) q- ai_2(G tt - w - v) = (deg(u) - 1 ). (deg(v) + 1 ). ai(gn-2 ) --k (deg(u) + 
deg(v)) ,  a i - l (K , -2)  + ai-z(Kn-2) < ai(G), a contradiction. Hence, G - u = K,-1 and 
G is L(n,e). 
For the sufficiency, suppose that G E f2(n,e) is either L(n,e) or J (n,e).  Pick a 
G~E f2(n,e) that is ai-minimum. As already proved, it is necessary that G~E {L(n,e), 
J (n,e)}.  But, by Proposition 2.4, a i (G)= ai(G~). Hence G is ai-minimum. [] 
Let o(G) be the number of acyclic orientations of  G. A well-known result of  Stanley 
[4] states that IP (G; -1 ) l  = o (a ) .  The following is a consequence of  this result and 
Theorem 3.1. 
Corol lary 3.1. A graph G E I2( n, e ) is ai-minimum iff o( G) <~ o( G' ) for all G' E f2( n, e ). 
Let t(G) be the number of  triangles of  G. The following corollary is immediate 
from Theorem 3.1 and the fact that an-2(G)  = e(e + 1 )/2 - t(G). 
Corol lary 3.2. Suppose G E O(n,e). Then t(G)>~t(G') for all G' E f2(n,e) tff 
GE {L(n,e), J (n,e)}. 
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